Flood analysis of urban drainage systems plays a crucial role for flood risk management in urban areas. Rainfall characteristics, including the dependence between rainfall variables, have a significant influence on flood frequency. This paper considers the use of copulas to represent the probabilistic dependence structure between rainfall depth and duration in the synthetic rainfall generation process, and the Gumbel copula is fitted for the rainfall data in a case study of sewer networks. The probabilistic representation of rainfall uncertainty is combined with fuzzy representation of model parameters in a unified framework based on Dempster-Shafer theory of evidence. The Monte Carlo simulation method is used for uncertainty propagation to calculate the exceedance probabilities of flood quantities (depth and volume) of the case study sewer network. This study demonstrates the suitability of the Gumbel copula in simulating the dependence of rainfall depth and duration, and also shows that the unified framework can effectively integrate the copula-based probabilistic representation of random variables and fuzzy representation of model parameters for flood analysis.
INTRODUCTION
Urban flooding is a major social and environmental issue in urban areas and can result in significant damage to properties and infrastructure, environmental pollution and traffic interruption. According to OFWAT (), sewer flooding, so-called localised flooding from overloaded/blocked sewer systems, is the second-most serious issue facing UK water companies after drinking water quality. It has an estimated cost of £270 million a year in England and Wales alone (POST ). Most sewer systems in the UK are combined sewer systems (CSS), and were designed on the basis of simple deterministic methods such as the rational method or the time-area method (Butler & Davies ) . Using these methods, the system capacity is designed to convey dry weather flows and surface runoff from the rainfall with a specific return period. However, these methods can only ensure that the surcharge occurrence is less than that of the rainfall, and flooding is not included in the calculation (Thorndahl & Willems ) . There is therefore a real need to assess hydraulic performance of the sewer system analysis framework for sewer flood analysis that accommodates both probabilistic and fuzzy uncertainties.
The unified framework is built on a previously developed methodology on the basis of the Dempster-Shafer theory (Fu et al. ) , in which probability distributions of rainfall variables and fuzzy sets of model parameters are handled simultaneously. This new methodology provides a single mathematical framework to handle uncertainties of different natures, allowing uncertainty to be modelled in the most appropriate way (Hall ) .
This paper further develops the unified framework by using copulas to handle the dependence structure between correlated rainfall quantities. Copulas are a powerful tool to represent joint multivariate distributions (Sklar ; Nelsen ) . In recent years, the use of copulas in hydrology has gained increasing attention with an attempt to describe the probabilistic structures of random variables, for example rainfall duration, intensity and depth (e.g. De The copula-based uncertainty analysis framework is demonstrated using a case study of urban drainage systems in calculating the cumulative distribution functions (CDFs) or exceedance probabilities of flood quantities. In this paper, the dependence between rainfall depth and duration is represented using the Gumbel family of Archimedean copulas. The model parameters are represented using fuzzy sets that can more precisely reflect incomplete knowledge and data about the parameter values. The Monte Carlo simulation method is then used to generate synthetic rainfall events on the basis of the simulated Gumbel copula, with the assumption of homogeneity in climate and catchment characteristics. The two types of uncertaintystochastic and fuzzyare propagated through the urban drainage model using the copula-based uncertainty analysis framework. As a result, the model outputs (flood depth and volume) are generated in the form of lower and upper CDFs (or exceedance probabilities), which provide best estimates given various stochastic and epistemic uncertainties considered.
The results obtained in this study show the suitability and flexibility of the Gumbel family in simulating the dependence of rainfall depth and duration and the advantage of the copula method in sewer flood analysis. The results also show that the unified framework can effectively integrate the copula tool to simulate the dependence structure between random rainfall variables.
METHODOLOGY
This copula-based framework is built on the Dempster-Shafer theory of evidence (Dempster ; Shafer ) and the copula theory (Sklar ) . The former provides a framework that allows for probabilistic and fuzzy representations of uncertainty, and the latter provides a flexible way to simulate the correlation between two random variables. In the framework, a Monte Carlo simulation method is developed to propagate the uncertainties through a model. The Latin Hypercube Sampling (LHS) method (McKay et al. ) is used to improve computational efficiency (Fu et al. ) . A brief introduction is given below to the above theories and methods, and the reader is referred to the provided references for more details.
Copulas
Copulas are joint probability functions of random variables that are expressed in terms of marginal distribution functions and an associated dependence structure. For two random variables X and Y, their marginal CDFs are represented by 
where C(u, v) is called a copula and can be uniquely determined when u and v are continuous. Through
Equation (2), it is easy to see that the copula is actually a multivariate distribution function with uniform marginals (Nelsen ) .
The definition in Equation (2) Archimedean copulas can be expressed as
where φ is a generator that is a convex decreasing function satisfying φ(1) ¼ 0 and lim
3) can be rewritten as
where θ is a dependence parameter and θ ∈ (1, ∞).
Equation (4) and can be estimated from observations. There is a close form between τ and θ for Gumbel copula:
To verify the appropriateness of the chosen copula, a non-parametric (empirical) approach can be used to estimate the empirical copula for comparison (Kao & Govindaraju a; Zhang & Singh ): (1) assume an intermediate random variable z whose samples can be transformed from the observations z i ¼ {number of x j , y j À Á such that x j < x i and y j < y i }/(N-1) for i ¼ 1, 2, …, N;
(2) estimate the probability for z as the proportion of z i < z. The distribution plots or Q-Q plots can be plotted for examination, which provides a good indication if the theoretical copula fits the data well.
Dempster-Shafer theory of evidence
The Dempster-Shafer theory of evidence was developed by Dempster () and Shafer (), and is regarded as a generalisation of probability theory. It is equivalent to the random set theory (Kendall ) . It allocates probability masses to subsets rather than singletons of a given universe, which allows it to consider imprecision in the sense of epistemic uncertainty. A brief introduction of the evidence theory is provided below; for more information see Dubois 
such that m(Ø) ¼ 0 and
where A ∈P (X ) for which m(A) > 0 is called focal element, and m is called the basic probability assignment. Each set A contains some possible values of the variable x ∈ X and the value m(A) expresses the probability that x ∈ A but does not belong to any subsets of A. This does not exclude that some elements of A contribute to the probability of subset B ∈P (X )
A random set (ℑ, m) on X assigns a probability to all the subsets of X, while classical probability theory only considers the singleton subsets of X. This is designed to deal with the uncertainty where the information is not sufficient to permit the probability assignment to single events. Due to the imprecise nature of this formulation, it is impossible to calculate the precise probability of a subset E ⊂ X, i.e.
P(E). Instead, the related imprecision of this probability
can be bounded at the lower end by the belief function Bel
and at the upper end by the plausibility function Pl:
where E is the complement of E. The belief Bel(E) measures the minimum amount of evidence that fully supports x ∈ E, i.e. which cannot be removed from E because the summation in Equation (8) 
only involves A such that
A ⊆ E. Similarly, the plausibility Pl(E) measures the maximum amount of evidence that could be linked with the event E, i.e. which could be counted into E because the summation in Equation (9) involves all A such that
The evidence theory provides a valuable theoretical framework for modelling and decision making in a situation where the information available does not entail a purely probabilistic treatment of uncertainty and has an advantage in simultaneously handling a range of different types of uncertainty information, for example intervals, probability 
Uncertainty analysis framework
In this paper, a Monte Carlo simulation method is applied first to sample the fuzzy sets of uncertain model parameters and the joint probability distribution of rainfall variables.
The samples generated this way are then propagated through an urban drainage model under the framework of evidence theory (Alvarez ) . The detailed steps of the framework are as follows.
1. Assume that n sample points 
This requires that v i is first solved through a simplified expression with copulas @C u, v ð Þ=@u ¼ u 2 i and the samples for Y are calculated from its corresponding inverse distribution by
In this way, the correlated random samples
The sample x i or y i can be regarded as a set (2) and (3), one set is generated for each sample u j i . The joint focal element A i can therefore be constructed as
Through steps
As a result, a random set (F n , m) is generated using the LHS sampling where F n ¼ {A 1 , A 2 , …, A n } and m A i ð Þ¼1/n, implying that an equal weight is assigned to the sampled elements as they are generated randomly. 
Rainfall data
Rainfall depth and duration were used to analyse statistical characteristics of the actual rainfall events in the case study of urban catchment, and a series of 10 years' rainfall data were used in this study. To analyse the rainfall data, a 2-hour time interval between two consecutive events was used to separate individual rainfall events. It should be noted that a threshold of 2 mm is applied to rainfall depth to remove small rainfall events (simulation results show that no flooding occurs in the sewer system under these events). A total of 650 events were used for simulation, as shown in Figure 2(a) . There is a high frequency of low rainfall depth although the upper range is close to 50 mm.
Similarly, most events have a short duration but some have a duration of up to 1,800 min.
The Generalised Extreme Value Distribution (GEV) has been used to describe extreme random variables and is used in this study to fit rainfall depth and duration data. The marginal distribution function is expressed as
where ξ ≠ 0, σ > 0 and μ are shape, scale and location parameters, respectively.
The fitted distributions for rainfall depth and duration are given in Table 1 . Three goodness-of-fit tests, i.e. Kolmogorov Smirnov (K-S), Anderson Darling (A-D) and Chisquare (χ 2 ) tests, show that the fitted distributions cannot be rejected at the significance level of 5%. Table 1 shows the test statistics for the two fitted distributions. Further, The correlation relationship between the two rainfall variables is investigated using copulas and the results are analysed in the results section. 
Uncertain model parameters
Urban drainage models have a wide range of parameters.
Choi & Ball () categorised these parameters into two groups: measured parameters (i.e. those that can be phys- epistemic type of uncertainty. After a certain period of service of a sewer system, the roughness coefficients of the pipes are difficult to estimate given complex pipe aging processes. The imprecise information can be better described using a fuzzy set instead of a probability distribution due to lack of data (Revelli & Ridolfi ;
Hosseini & Ghasemi ). Similarly, the catchment percentage imperviousness, which has a direct influence on runoff calculation, has substantial uncertainty and is also represented by fuzzy sets in this study. A trapezoidal shape for the two model parameters is assumed, as shown in Figure 3 .
RESULTS AND DISCUSSION
Dependence structure of rainfall depth and duration
The Gumbel family of copulas are used to represent the joint distribution of rainfall depth and duration on the basis of their marginal distributions. The parameter θ of Gumbel copula is estimated using the Maximum Likelihood method, and has a value of 1.492. Recall that parameter θ can also be derived according to the relationship between θ and τ as given in Equation (5). In this case, the empirical value is calculated as 1.505. It can be seen that these two values have very good agreement. The Q-Q plot shown in Figure 2 (d) provides a comparison between the parametrically estimated copula and empirical copula. The diagonal straight line represents a perfect match between the copulas.
It can be seen that the quantiles of the two copulas are in good agreement. Figure 4 visualises the fitted copula (shaded surface) together with the empirical copula (points). It should be noted that the variables u and v represent the transformed random variables X and Y (rainfall depth and duration) in the unit hypercube, and have the same ranks as X and Y. Figure 5 show the Q-Q plots for the two rainfall variables.
The GEV distributions are plotted using a set of 10,000 samples generated using the copula method. The empirical distributions are based on the identified rainfall events, i.e. 650 events. These Q-Q plots show the fitted GEV distributions representing the historical data well, although the probability errors at the low tail exceedance increase as seen in the magnified areas.
Impact of rainfall depth-duration dependence
The theoretically fitted Gumbel copula was used to generate a large set of 10,000 samples for rainfall depth and duration.
The number of samples used here has proven to be sufficient because the CDFs derived barely vary with the increase in the number of samples. Synthetic rainfall events were produced by applying a rectangular pulse with duration as the width and average rainfall intensity as the height, and they were then used as inputs to the sewer system model to calculate flood volume at the different nodes. Uniform rainfall intensity is commonly assumed in some simple rainfallrunoff methods, such as the Rational method (Butler & Davies ) . It was also assumed here because the focus of this study is to demonstrate the copula method. However, different rainfall profiles can easily be incorporated in the the assumption of different unit costs. This assumption allows a good comparison between the three cases for node N126 whose risks are rather small should the same unit cost be assumed for flood volume and depth.
CONCLUSIONS
This paper investigates the impact of the dependence structure between rainfall depth and duration on estimation of flood quantities in a sewer network using copulas, and demonstrates how the copula method can be integrated in a unified framework to consider stochastic and epistemic uncertainties simultaneously. The method is tested on a case study of urban drainage systems for estimation of the exceedance probabilities of flood depth and volume.
The dependence structure between rainfall depth and duration for the rainfall events in the case study catchment can be represented well using the Gumbel family of Archimedean copulas with their marginal distributions described by the Generalised Extreme Value distributions.
In turn, this provides a simple way to construct the joint probability distribution of rainfall depth and duration which is often ignored in practical and other applications.
This is important because, as shown by the case study results 
